We consider supersymmetric quantum mechanical models with both local and nonlocal potentials. We present a nonlocal deformation of exactly solvable local models. Its energy eigenfunctions and eigenvalues are determined exactly. We observe that both our model Hamiltonian and its supersymmetric partner may have normalizable zero-energy ground states, in contrast to local models with nonperiodic or periodic potentials.
I. INTRODUCTION
Nonlocal potentials occur in the single particle descriptions of many-body systems such as the Hartree-Fock approximation [1] and have intrinsic applications in atomic and molecular physics [2] , solid-state physics [3] , and nuclear physics [4] . Nonlocal models are also used in studying statistical properties of extended objects such as polymers and proteins [5] .
In this paper we are interested in exactly solvable quantum mechanical models with nonlocal potentials. We resort here to supersymmetric (SUSY) quantum mechanics [6, 7] which has been extensively studied recently. SUSY has been applied to exact solvability [8] in connection with shape invariance [9] , inverse scattering [10] , supersymmetry-inspired WKB method [11] , and surface critical phenomena of inhomogeneous Ising models [12] . It is also generalized to higher dimensions [13] , N -body problems [14] , and dynamics [15] .
In SUSY quantum mechanics, a given Hamiltonian and its SUSY partner have identical spectra except the zeroenergy ground state. In ordinary cases, either one or neither of the partner Hamiltonians has a zero-energy ground state, in which case SUSY is unbroken or broken, respectively. Dunne et al. [16] considered SUSY quantum mechanical models with periodic potentials to find that it is possible for both SUSY partners to have zero-energy ground states. However their ground states are not normalizable because they are Bloch states. In the present paper we consider SUSY quantum mechanical models with both local and nonlocal potentials. We present a simple nonlocal deformation of exactly solvable local models. We find the energy eigenfunctions and eigenvalues exactly and observe that both supersymmetric partners may have, in some parameter range, normalizable zero-energy ground states, which are in contrast to local models with nonperiodic or periodic potentials.
II. NONLOCAL POTENTIALS AND SUPERSYMMETRY
The time-independent Schrödinger equation with both local and nonlocal potentials in one dimension is, in the position representation,
The invariance under time reversal and the conservation of the probability require that V − (x) and v − (x, y) are real and that v − (x, y) is symmetric in x and y. In the Hartree-Fock approximation the nonlocal potential (or the proper self-energy) is determined self-consistently from the given external local potential and two-body interactions [1] . But in this paper, we assume that the potentials are given in the beginning. There are trivial choices of potentials which are exactly solvable. Suppose that ψ n (x) are the real normalized eigenstates of a local-potential problem
with n the number of nodes of ψ n (x). Then a trivial choice of the nonlocal potential v − (x, y) is of the form
with n real numbers. Then ψ n (x) is the eigenfunction of Eq. (1) with energy eigenvalue
n+1 in local models, E n < E n+1 may not hold in models with nonlocal potentials. We may also consider a momentum dependent potential v(p) [18] . In the position representation, it may be alternatively represented as a nonlocal potential
which depends only on the difference x − y. If we further restrict the local potential V − (x) to be harmonic, then in the momentum representation, we have (5) which is of the same form as the local-potential problem (2) in the position representation, so that we may exploit the solvable models of local potentials. In addition, nonlocal separable potentials also lead to solvable models [17] . In the following we will exclude these cases. Sometimes it is convenient to write potentials in operator form aŝ
Then the Hamiltonian iŝ
As in SUSY quantum mechanics with local potentials [7] , we assume that the HamiltonianĤ − can be factorized in the formĤ − =Â †Â . Its SUSY partner HamiltonianĤ + is then given bŷ
First-order differential operatorsÂ † andÂ are defined bŷ
whereŴ andŵ are defined by Eq. (6) with V − and v − replaced by the local superpotential W and the nonlocal superpotential w, respectively. Then we see that the potentials are written in terms of the superpotentials W (x) and w(x, y) as
If w(x, y) is symmetric, then so are v ± (x, y). If W (x) and w(x, y) are real, so are V ± (x) and v ± (x, y).
Whereas in local models the relationship between the ground state and the superpotential W (x) is one-to-one, this is not true in nonlocal models. Given the superpotentials W (x) and w(x, y) the zero-energy ground state ψ 0 (x) ofĤ − is obtained from the integro-differential equation
Conversely, for any normalized function ψ 0 (x), we could choose
Then ψ 0 (x) is the zero-energy ground state as long as arbitrary real functions W (x) and
In order to determine higher energy eigenvalues exactly, we need to specify the superpotentials.
III. A NONLOCAL DEFORMATION OF LOCAL MODELS
As a specific example of the above formalism, we construct a class of exactly solvable models with both local and nonlocal potentials starting from any exactly solvable local model with a superpotential W 0 (x) which is an odd function of x . Examples are the harmonic oscillator with W 0 (x) = m 2 ωx and the Rosen-Morse II or Scarf II potential with W 0 (x) = a tanh αx. Now we choose
where c is a real parameter of nonlocality. Using Eq. (10) we obtain that
The nonlocal potential may be written aŝ
whereP is the parity operator. Thus the Hamiltonianŝ H s with s = ± are written aŝ
We may mention that there is no classical analog of the present model sinceĤ ± contains the parity operator.
Since [Ĥ ± ,P ] = 0, we look for simultaneous eigenstates ψ ± (x) ofĤ ± andP . IfP ψ s (x) = ψ s (−x) = P ψ s (x) with P = ±1, then the eigenvalue equation forĤ s becomes
There are two singular cases (c = ±1). At c = 1 ,Ĥ ± in the P = ±1 sector is a free Hamiltonian, which has no bound state. At c = ±1 ,Ĥ − (Ĥ + ) has no kinetic term in the P = ±1 (P = ∓1) sector. In the following we will disregard these cases.
We may representĤ s in terms of the local Hamiltonian H 
where the symbols α = sgn[
We have α = +1 for |c| < 1 and α = −1 for |c| > 1. Note that the local HamiltoniansĤ (0) s are even in parity. The above relation (19) may be summarized in Table I. From the table  or Eq. (19) , we see, in particular, that for any |c| > 1 (α = −1), bothĤ + andĤ − in the given parity sector P are proportional toĤ (0) −P (up to an appropriate rescaling ofh, when necessary), and thus both operators have normalizable zero-energy ground states.
We assume sgnW 0 (±∞) = ±1, which ensures the existence of unbroken SUSY for local models (c = 0) wherê H + are related bŷ
whereÂ (0) andÂ (0) † are given by Eq. (9) withŴ =Ŵ 0 andŵ = 0. Now we see that the normalized eigenfunctions ofĤ ± are given by
(n odd, |c| < 1)
The corresponding energy eigenvalues are given by
(n even, |c| < 1)
As in local models we have labelled the eigenfunctions by the number of their nodes. But in the nonlocal models, the energy eigenvalues are not ordered by the number of nodes. The operatorÂ (Â † ) converts an eigenfunction ofĤ − (Ĥ + ) into an eigenfunction ofĤ + (Ĥ − ) with the same energy. Explicitly,
where A s,n = sgn(1 − c) E s,n . We see thatÂ, when applied to eigenfunctions ofĤ − , destroys a node in the even eigenfunction for c = 1 or in the odd eigenfunction for |c| < 1, but creates an extra node in the odd eigenfuction for |c| > 1. Similar behavior holds for the operatorÂ † . If |c| < 1, then the ground state ψ +,0 (x) ofĤ + has a positive energy and the SUSY is unbroken (Witten index ∆ = 1 − 0 = 1) [6] . Howerver, if |c| > 1, then the ground states ψ −,0 (x) and ψ +,0 (x) both have zero energy as discussed above, and are annihilated bŷ A and byÂ † , respectively. The SUSY is still unbroken for |c| > 1 even though the Witten index ∆ = 1 − 1 = 0. This case is similar to that with periodic potentials considered by Dunne et al. [16] who found that it is possible for both SUSY partners to have zero-energy ground states. Their ground states are not normalizable because they are Bloch states. However, normalizable are the eigenfunctions we obtained in the present paper.
It may be noted that at particular values of c some of energy eigenvalues are doubly degenerate. In these cases the HamiltonianĤ − (orĤ + ) and the parity operator P form a complete set of commuting observables in contrast to the normal situation in one dimension, where the Hamiltonian alone is sufficient.
IV. CONCLUSIONS
We have considered nonlocal potentials in connection with SUSY quantum mechanics. The local and nonlocal potentials are expressed in terms of the local and nonlocal superpotentials. We have presented a nonlocal extension of exactly solvable local models. Its energy eigenfunctions and eigenvalues are determined exactly and it is observed that both supersymmetric partners (Ĥ ± ) may have, in some parameter range, normalizable zero-energy ground states. It would be interesting to find a (sufficient) condition of solvability generalizing the shape invariance which is applicable to models with both local and nonlocal potentials.
d dx
). The invariance under time reversal and the conservation of the probability require that v(p) must be Hermitian and even inp.
[19] Here it is assumed that W0(x) is independent ofh. (1 − c)
